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1.1 Introduction, terminology

A hamiltonian mechanical system (i.e. in 041 dimensions) with n degrees of
freedom is integrable if it has n independent integrals of motion, in which
case it is completely solvable.

A 141 dimensional field theory is integrable if it is solvable by means of
the quantum inverse scattering method (derive S matrices through equations
imposed on it, and then derive everything from them). It also has an infinite
number of conserved quantities (“integrals of motion”), that can sometimes
be used to map the system to an infinite dimensional integrable hamiltonian
mechanical system. The best known example is the sine-Gordon theory, for
a scalar field with equation of motion

O¢ +m?sing = 0 (1)

which is known to be nonperturbatively equivalent to the massive Thirring
model (fermionic model).

An integrable 1+1 dimensional field theory can be related by going to
Euclidean space to a solvable 2d model of classical statistical physics.

Putting integrable 14+1d models on the lattice, one obtains integrable
hamiltonian models that can be interpreted as quantum spin models of mag-
netic chains (“spin chains”). Reversely, limits of various spin chain models
give (all?) integrable field theories in 1+1d as continuum limits. Thus spin
chains are primers for all integrable models. Among them, the Heisenberg
spin 1/2 chain is the most studied example, the XXX (rotationally invari-
ant) model in particular. One defines more general “spin chains” by gener-
alizing the “spin” from the usual case of a given representation j of SU(2)
to an arbitrary representation of a Lie algebra, i.e. the “spin variables” take
value in representation R of a Lie algebra G.

Bethe studied the Heisenberg XXX model and gave an ansatz (parametri-
zation) for the wavefunctions of its solutions in the coordinate representation



(“coordinate Bethe ansatz”), and equations for them. Nowadays, one uses
an algebraic method, where the eigenvalues and eigenfunctions can be derived
from algebraic considerations, and one uses a parametrization in terms of ab-
stract creation/annihilation operators (“algebraic Bethe ansatz”), leading
to algebraic equations, the (algebraic) Bethe equations. Solving them is a
whole industry.

A 2d theory with a factorizable n-body S matrix (that can be written as
products of 2-body S matrices) satisfies the Yang-Baxter equation and is
thus integrable, as one can go from the Yang-Baxter equation to solving the
theory a la Bethe ansatz. (Is the reverse true, that an integrable theory has a
factorizable S matrix?). For the lattice models (“spin chains”), the analogue
of the S matrix is called transfer matrix or Lax operator L(z).

The algebra corresponding to the R matrix of an XXX Heisenberg model
satisfying the Yang-Baxter equation, more exactly to the “monodromy ma-
trix” T'(u) is called the Yangian. It can be defined abstractly and is the
algebra of the infinite (for length L — o0) set of charges of the integrable
system, related to the se of commuting conserved quantities (“integrals of
motion”) through their common generating function, the monodromy ma-
trix T'(u).

Conformal field theories arise as limits of integrable massive QFT’s when
we take a UV limit (or take the mass to zero). These massive QFT’s are
described by factorizable S matrices and can be understood as relevant per-
turbations of CFTs.

The themodynamics of these massive theories in the infinite volume (ther-
modynamic limit...) can be derived completely from the S matrices. This is
known as the Thermodynamic Bethe ansatz (TBA) and consists of first
writing Bethe equations for an ansatz for the wavefunctions and then tak-
ing a thermodynamic limit for deriving the thermodynamics of the physical
particles of the theories (real solutions of the S matrix Bethe equations, with
real rapidities). One writes down an equation (TBA equation) for quantities
€a(0) (like dispersion relations), that define the density of states, from which
thermodynamics can be built.



1.2 Mechanical integrable systems: Lax pairs, Toda
and Calogero-Moser systems

A Hamiltonian mechanical system with n degrees of freedom and a Poisson
bracket defined is (i = 1,n)

H(zi,pi); {2, pj} = 65

. oH . oOH
!Ez‘:{%‘,H}:ap'; piZ{pi,H}:—ax‘ (2)

It is integrable if (and only if) there exist n independent integrals of
motion ;(x,p),i = 1,n such that

L ={L,H}y=0;, {L,L}=0 (3)

For an integrable system, there sometimes exists a Lax pair, which is
a pair of N x N matrices L(r,p) and M(x,p) such that the Lax equation
L = [L, M] is equivalent to the Hamilton equations of the mechanical system,
ie.

The dimension N of the matrices is a priori unknown, and there is no
algorithm to establish even the existence of a Lax pair, let alone to find it.
All we know is that n < N, in order to get enough integrals of motion, as all

I = tr(L™) = I; = nitr(L™ YL, M]) = 0 (5)

are thus integrals of motion, and for n;, > N we get functionally dependent
IZ"S.
The Lax pair is not unique, as there is the “gauge transformation”

L° =S7'LS; MS=5"'MS—-S7'S (6)

The I;’s are gauge invariant however as we can easily see. If one chooses a
basis of linearly independent I;’s, 7 = 1, n, then the Hamiltonian is a function
of them

H = h(hL,..I,) (7)

A stronger form of integrability arises when one has Lax pairs that depend
upon an additional (complex) variable, called spectral parameter, z, thus we
have L(z), M(z), and for all values of z this is a Lax pair. The Lax pair with



spectral parameter is still a N x N matrix, function of (z, p). The mechanical
system is independent of z.

L(z) = [L(2), M(2)] & (i = {zs, HY; ps = {pi, H}) (8)
Then one can define a spectral curve as
['={(k,2z) € C x C;det(kl — L(z)) =0} (9)

with the one form d\ = kdz. The spectral curve is time independent,
gauge invariant, depends only on the n integrals of motion I;. Most likely,
the integrals of motion can be now recovered from the series expansion of
tri(z) =Y, L,z

Quantum Mechanics? (Tentative)

What happens for a (nonrelativistic) quantum mechanical system? In-
stead of the classical Hamiltonian system (2) we have, in the coordinate
representation and in the time-independent case

{H ¢(x, 1)} [, p5] = (R)idy;
Hip(z;,t) = m%w(m, t) = E(ay, t) (10)

or for some abstract dynamical variables X, satisfying some general com-

mutation relations (...), i.e. algebra, with « a finite index and i possibly
infinite

{H (X)) (X2, X7 = ..

H(XF) = Eyp(X]) (11)

The dynamical variables will define some Hilbert space H. If the algebra
of variables is ultralocal, i.e. [Xf‘,Xjﬁ] = 0 for i # j, the Hilbert space is a
tensor product

N

i=1
If not, one can sometimes still define the Hilbert space as a tensor product.
The Lax description in the case with a spectral parameter should involve
still an operator L(z) that is also a matrix (operator) in an auxiliary N x N
Hilbert space H’, as well as an operator on the system’s Hilbert space H,



such that observables (time independent, mutually commuting quantities, i.e.
integrals of motion) should be again traces of it over the auxiliary Hilbert
space H’, i.e. for fixed z

I; = tryy (L™) (13)

and in the case of L(z) most likely can be retrieved as combinations of the
coefficients in the series expansion tryL(z) = > L,2". It is unclear what
is the analog of the requirement that the equations of motion are derived
from the Lax pair. I suspect that in the Heisenberg picture the classical case
should go through unchanged, except that everything is now an operator,
time dependent since we are in the Heisenberg picture. The only problem is
what happens if we have spin variables (very important case later on), which
don’t have a classical counterpart. I think one could still define it to be (since

[z, p|/(ih) = 1 replaces {x,p} = 1)

Lo« 1
X = —
Hi = p

1
(1h?)

?

h

(K550 ) & Ln(z) = [Lir(2), Mir(2)] = 7[Mr(2), Lir(2)]?

(14)
Here the last line, if the insertion of iA was correct, means that the oper-
ator M(z) in the Heisenberg representation acts as the Hamiltonian in the
Heisenberg representation on L(z). If not, one just has to reabsorb ih to
get Hy. In any case, that equivalence then becomes somewhat irrelevant,
and all that one needs is an operator L(z) acting on some auxiliary space
that gives the observables through its traces. However, the defining quantum
equation for L(z) should still be equivalent to solving the system (i.e. with
the Schrodinger equation). For instance, for spin chains there will be an L(z)
acting as a connection, i.e. defining a Dirac equation Dy = 0 from which
one can find the Schrodinger equation.

Note then that the specification of the Hilbert space defines just the
kinematics. The choice of a system (the dynamics) is a particular case of
Lax operator L(z) giving the particular Hamiltonian as one of its observables.
We will see that at least for spin chains, L(z) satisfies also the Yang-Baxter
algebra, but that is also just kinematics, a particular system corresponding
to a particular representation for the Lax operator L(z).

Important (classical) cases

The non-periodic Toda system is a (nonrelativistic) system of n + 1



points on a linear chain, with exponential nearest-neighbor interaction, i.e.

n+1 n

H= %;p?—MQZe“““ (15)

i=1

The center of mass o = ), x; decouples, leaving n degrees of freedom.
The system with n = 1 reduces to Liouville theory.

The periodic Toda system is a (nonrelativistic) system of 7+ 1 points
on a circular chain with exponential nearest-neighbor interaction, i.e.

n+1 n+1

H= % S opi MY e (16)
i=1 =1

with z,,0 = x1. The center of mass decouples, leaving n degrees of freedom.
For n =1, it reduces to Sine-Gordon theory.

One can generalize further the Toda systems by giving them a Lie alge-
braic interpretation, and in this way also getting the Lax pairs. View the
linear chain as the Dynkin diagram for the Lie algebra A, ~ SU(n+ 1), and
the circular chain of the periodic Toda system as the Dynkin diagram for the
untwisted affine Lie algebra A, Then the set of simple roots R, is

A, eg—e i=1,n
AY e —eip i=1n+1; enqa=e (17)

n

such that the Hamiltonian for both can be written as

1 2 2 —ack
H=cp" =M ;e (18)

and generalize to any finite-dimensional semi-simple Lie algebra G or one of
the associated untwisted or twisted affine Lie algebras, and have the same H
with R, — R.(G).

All these systems are integrable and have Lax matrices

L=p-h+ Y Me (B, — E_)+ e (2E_o, — 2" Eq,)
OCER*
1 2
M= =5 3 MeT#%(B, + E_o) + %e%“"'“”(zE,ao +2UB,) (19)

a€ER«



where h(hy,...h,) is the array of Cartan generators of G, with [h;, h;] = 0,
E, are the generators of G associated with the root o, R, = R.(G) is the
set of simple roots of G, g is the affine root of G, to be included in g<1>,
and we are in an N dimensional representation p of G, so that all h;, E,, are
N x N matrices. Thus N can correspond to any representation, but as the
dimension of a representation, is larger than n.

In the non-periodic case (G) we have u = 0 and there is no spectral
parameter, but there is a p in the periodic case, thus then there is a spectral
curve.

The Calogero-Moser systems are nonrelativistic mechanical models of
n + 1 particles on a complex line with 2-body interactions not limited to
nearest-neighbor.

The rational Calogero-Moser system

n+1 n+1
Zpl - _m Z T (20)
i#] j

The trigonometric Calogero-Moser system

n+1 n+1 1
pi =5 — (21)
Z ; sin’(z; — ;)
The ellyptic Calogero-Moser system
n+1 n+1
Zpl — —m ZP — Zj;wi,wo) (22)
i#]

In the ellyptic case, the potential is the Weierstrass ellyptic (doubly pe-
riodic) function

P(x;wi,wy) = % + Z (( 1 B 1 (23)

g0 &1 2Zmwr+ 2nwe)? (2mwy + 2nwy)®

Here 2wy, 2wy are periods, and for ws — 0o one gets the trigonometric case,
and if also w; — oo, one gets the rational case.

Again one can write the Lax pairs by giving a Lie algebraic interpretation
on A, = SU(n + 1) in terms of the set R of ALL the roots of A,,, which in
an orthonormal basis ¢;;2=1,n+4+11is

R(A,) ={ei—ej, i#j=1n+1} (24)



and then .

1
H = 3 2_ §m2 ;P(cx T W1, Wo) (25)

One can generalize to other Lie algebras as well, but there are subtleties.
The ellyptic Calogero-Moser admits a Lax pair with spectral parameter z,

Lij(2) = pibij — m(1 — 655) (i — 255 2)
M;;(2) = di(x)d;; +m(1 — 6;) P (x; — xj; 2) (26)

where d;(x) = m_, P, — xy), ¥'(2;2) = 0,P(x;2) and P(x;2) is the
Lame function
O(z;2) = Mem‘(@ (27)

and P(z) = —('(2),((2) = 0'(2)/o(z) and ((z) is the Weierstrass function.
Toda systems can be obtained as limits of elliptic Calogero-Moser systems,
by taking

wy = —im, Re(wy) — 0o, m = Me®2; T = Xj + 2wyl (28)

with M, X;, 0 <6 <1/N fixed.

The Toda and Calogero-Moser systems are also connected to higher di-
mensional integrable systems. Some important connections are to:

Toda field theory, for n scalar fields in 1+1 dimensions, ¢(¢, ) and

L— % 6 0" — M2 S e (29)
a€ER«

Korteveg-de Vries (KdV) equation: single scalar in 1+1 dimensions,
with equation

O = 6ud,u — Ou (30)

There are rational solutions, of the form
uta) =2y L 31)
(o 2,(1)

They satisfy KdV if x;(t) satisfies some constraints and also satisfies the
equation
3t:1:j = {ZL’]’, tT’L3} (32)



where L is the Lax operator for the rational Calogero-Moser system.
Kadomzev-Petviashvili (KP) equation in 1+2 dimensions (one space
and two times) for u(t¢,t', x) with

302u = 0,(Oyu — 6udu — O2u) (33)

The t” independent solutions are governed by KdV, whereas the elliptic
solutions of the form

u(t,t',x) =2 Z Pz — z;(t, 1)) (34)

are solutions if z;(¢,t") obeys
0txj = {ZL’]’, tT’L3}, at/.Tj = {Ij, tT’LQ} (35)

where L is the ellyptic operator for the Calogero-Moser system.

1.3 Spin chains

The most studied spin chain is the Heisenberg spin 1/2 XXX (rotationally
invariant) spin chain, with Hamiltonian

L 3
H=JY Y 0%, (36)

j=1 a=1

where ¢; are Pauli matrices (spin 1/2 operators) at site j, with periodic
boundary conditions, o7,1 = 7. The case introduced by Heisenberg (1928)
is J < 0, corresponding to ferromagnetism, whereas antiferromagnetism cor-
responds to J > 0. Sometimes one subtracts a constant from this hamiltonian
(—J), so that E=0 on the ground state, with all spins parallel. Also, some-
times the normalization is different: sometimes one uses spin operators 57]
instead of Pauli operators ¢’;, thus dividing the hamiltonian (36) by 4, and
sometimes one uses just 1/2 of (36). As we see, the interaction is only nearest
neighbor. This model is called XXX because the coupling is the same in all
directions. One can have different couplings in different directions, J,o707 4,

Jyafcr;-ﬂr1 and J.070%,,, and then we have the XYZ model. If J, = J, # J,

we have the XXZ model. There is also a higher spin generalization, but it is
not the obvious one, replacing the spin 1/2 operators with spin s ones (that



hamiltonian is not integrable). We will derive the integrable generalization
later. One can also consider variables taking values in a representation R of
a Lie algebra G, instead of spin j representation of SU(2), that will also be
called “spin chains”.

Coordinate Bethe ansatz (Bethe, 1931)

The basis of states for the Heisenberg XXX hamiltonian is given by
the commuting operators 52, S* at each site j, in other words by spins up
| 7> or down | |>. We denote by |z1,zs,..,zy > the state with spins up
(“magnons”) at sites x; along the chain of spins down, i.e. e.g. |1,3,4 >;_5=
[T, 011 1>

One defines the permutation operator F;; as

11, . 1 1., . o
Pij:§+§cri-0j:§+§criaj+ai+crj +o; 07 (37)
Here 0% = (0! +i0?)/2 and i # j and the operator interchanges the values

of spins (i.e. up or down) at sites i and j. Then the Hamiltonian (36) is

H=JY (2P0 — 1) (38)

j=1

It is easier however to drop the constant in the energy and thus subtract
a JL term in the above. We will do it from now on.

The “one magnon” (single pseudoparticle) sector is diagonalized trivially
by the Fourier transform

(1) >= Y e™"le >= Hlp(pr) >=8Tsin*(p1/2)[¢(p) > (39)

r=1

where p; = 2nk/L with k € Z. However, for finite L, the independent
solutions clearly have n =1, ..., L, thus there are L-1 of them.
The “2-magnon” (s pseudoparticle) state in momentum space

[G(prpe) >= > (e, > (40)

1<zi<x2<L

needs to solve the “position space” Schrodinger equation H|¢(p1,p2) >=
E|Y(p1,p2) >. It was done with Bethe’s ansatz, giving a superposition of



an incoming and an outgoing plane wave, with an S matrix S(py,p2) for
scattered particles.

U(zy, 29) = eiP1e1tpaz2) 4 S(p27p1>€i(p211+p112) (41)

thus particles simply exchanged momenta, besides the S matrix.
The Schrodinger equation then determines both the energy as just the
sum of the one-particle energies and the (nonrelativistic) S matrix as

E = 8J(sin’(p1/2) + sin®(p2/2))

P(p1) — Pp2) +i -1 , _

Here ¢(p) are called Bethe roots and will be later denoted by u and be
shown to be analogs of rapidities of massive particles for this nonrelativistic
theory. Note that this S matrix has poles at ¢12 = ¢(p1) —@(p2) = i, denoting
a bound state of two magnons (later, we will say that the S matrix has a
pole in rapidity w12 = u; — ug at 7).

That would be all for the infinite length chain, but for the finite length
one we need to impose periodicity (1, z2) = ¥ (x9, x1+ L), giving the Bethe
equations

S(pl>p2) =

et = S(p1,pa); €™t = S(pap1) (43)
which are equations giving the possible values of p; or ¢(p;). Note that they
imply

PPl — 1 — ) 4 py = 270/ L(mod2r), n=0,..,L—1 (44)

In particular, there are real solutions obeying

; 2
p=-peR=ePMEN =15 p = Lﬂnl (45)
and substituting in the wavefunction we find their eigenfunctions,
20+1 an
19(n) >= C, cos L — lzo + 1520 >; O, = 2e7 T (46)

Note that p;, po MUST be different numbers, which is just a reflection of
the fermionic nature of the spin chain, since if we would have p; = py we
easily see that we would have S(p;,p2) = —1 and correspondingly ¢ = 0, as
it should.



Then for this integrable model that is all, since the S matrix is factor-
izable, thus the M-body problem is found from the 2-body problem: one
just scatters elastically p;, p; with S(p;,p;), thus exchanging momenta. The
M-body wavefunction is

M .
. 1
1/)(:61, ceey ZL’M) = E €$Cp[2 E pp(l)ﬂfz + 5 E ' 5P(Z)P(_])] (47)
PePerm(M) =1 1<j

and the phase shifts ¢;; = —d;; are given by
S(pi, pj) = explidy] (48)

and the Schrodinger equations imply again that the energies add up, and
from periodicities we get the M Bethe equations

M
ent— T] Skep) (49)
i#k;i=1

Again, this also implies that

it =1 = P = "p; =2mn/L(mod2r); n=0,L-1 (50)

thus quantizing the total momentum P, and again we must have the momenta
p; (thus the Bethe roots ¢(p;)) different, else we get a zero wavefunction,
because of the fermionic nature of the chain.

The Bethe equations have both real and complex solutions, both of which
are relevant, as we will see. The equations generally have sets of solutions
{p1, ..., pn}n (1 labels solutions) for fixed N, L. For N = 1 there are L — 1
(sets of) solutions, for N = 2 there are L(L — 3)/2 (sets of) solutions and
the total number for any N is 2%, Each solution {p;} is characterized by a
set {n;} of integers coming from the log of (49), i.e. from

k

i#ki=1

A real solution {p;} will be characterized by a set of different n;’s while
a complex one can have the same n;’s.



1.4 Yang-Baxter equation and algebraic Bethe ansatz

We have seen that in the coordinate Bethe ansatz one thinks of the chain
as a discretized coordinate and then one obtains factorizable S matrices.
Reversely, one can think of scattering of massive particles in 1+1 dimensions
in the case that the S matrix is factorizable. In 1+1d, for massive particles
the rapidity p is the only relevant parameter, ' = m cosh i, p = msinh p,
thus E? — p? = m?. Since (p; — p2)? = —m? — m3 + 2mymy cosh(py — p2),
if the 2-body S matrix is a function of (p; — p)? only, it is then a function
of p1 — po only. Let us thus write Sz;f/()\ — ) for the 2-body S matrix of
particles with indices o = 1,n. Factorizability of the 3-body S matrix into
2-body S matrices can then be done in two ways, first 2,3, then 1,3, then 1,2
or first 1,2, then 1,3, then 2,3, giving the Yang-Baxter equation (YBE)

SHh = Sia(A — A2)Sis(M — A3)Saz(Aa — Ag)
= So3(A2 — A3)S13(A1 — A3)S12(A1 — A2) (52)

Although this equation was derived for scattering of massive particles
in 1+1d, it is valid in more general contexts, due to its algebraic nature.
Often, the parameters A, u are not rapidities per se, but take other values,
sometimes complex.

The most general Yang-Baxter relation one can have is for a matrix R
defined as an element in A ® A, where A is some algebra, and then the
Yang-Baxter relation (Yang-Baxter algebra) is

Ri12R13R23 = RasRi13R12 (53)
which holds in A ® A ® A, and one denotes in obvious way
R12:R®I; R23:I®R (54)

and Ri3 has the I stuck in the middle. The algebra A must have a family
of representations p(\,a), with A a continous (complex) parameter and a
a discrete label. In the case of the XXX models this algebra A is called
the Yangian and we will discuss it later. Also note that we will refer to a
different looking relation as the Yang-Baxter algebra shortly, but it can be
derived from this general prescription.

C.N. Yang wrote this equation (YBE) for particles on a line with delta

function interaction potential (V' = -, 2cd(z; —x;)), and then R.J. Baxter



considered 2d lattices where each vertex has 4 sides, thus one has a matrix
with 4 indices, Rajapasaqs(A — 1) and A — p characterizes the energy at the
vertex and the temperature (rather, SE, I guess).

Heisenberg XXX spin chain

As a specific model, take again the Heisenberg XXX spin chain. One can
check that the operator

Rij(u,v) =u—v+ P (55)

where v and v are complex numbers and F;; is the permutation operator
defined above, satisfies the Yang-Baxter equation

R12 (U, U)ng(u, ’lU)RQg(’U, U}> = R23<U, w)ng(u, U))Rm(lb, U) (56)

We will pursue an algebraic method to solving the spin chain. The spin
chain is a quantum mechanical system of spins, thus falls into the category
of integrable mechanical systems, for which one can have Lax pairs, at least
classically. Quantum mechanically, as we saw, we can define a Lax operator
L(z) that lives both in an auxiliary Hilbert space H' and in the defining
Hilbert space H. Defining the kinematics (Hilbert space H of spin chains)
will be the first step. This approach is an algebraic approach, leading to
the algebraic Bethe ansatz, in that we will write an algebra for the Lax
operator L(z), and then construct a particular representation, corresponding
to the XXX Heisenberg spin chain. However, for the sake of clarity, we will
derive the algebra from the particular representation for the XXX spin chain.
Then we can apply this to other chains like XXZ for instance.

The Hilbert space is

where h; is the Hilbert space of X{* variables (SU(2) spin representation 1/2
here, in general it can be any representation of any group).

By dividing (56) by u — v, setting w = 1/2, replacing u,v by iu,iv,
denoting 1 by a, 2 by b and 3 by j and multiplying by P, from the left, we

get
(v i —+ Pab) (u — %agcrj‘ ® 13) (v — %If ® afg@)

o ) o _a 2 4 2 BB ¢
= (v— §0acrj ®Ib) (u— §Ia ®crbcrj) (m +Pab) (58)




viewed as an operator acting in the quantum Hilbert space denoted by the
spin 7 and the auxiliary spaces denoted by the spins a and b, with unit
operators 2, I?. Denoting

1 ?

+ P = R(u,v); u— 500‘0]‘»“ = L;(u) (59)

V—Uu

one obtains the Yang-Baxter algebra

Ruz(u = v)(Lj(u) @ I)(I ® L;(v)) = (L;(v) ® (I @ Lj(u)) Ria(u — v) (60)

An alternative form of the Yang-Baxter algebra is obtained by multi-
plying it with P, from the left and obtaining

Rig(u —v)(Lj(u) @ (I @ Lj(v)) = (I ® Lj(v))(L;(u) @ I) Ryz(u —v) (61)
or symbolically
Rys(u, v) Lj(u) L3 (u) = L(v)Lj(u) Ry (62)

but note that L}(u)L3(v) is not a tensor product, since these are also oper-
ators in the Hilbert space j, so their order matters (and would be ill defined
in the tensor product). This is the Yang-Baxter algebra with R matrix R,
(or Ry5 in the other form), acting like some sort of generalized structure
constants (hence the name algebra). Note that both Rjs and Riy act in the
auxiliary space alone, and are not operators on the quantum Hilbert space
(7)- In the first form of the algebra, one interchanges just v and v, and in
the second, the whole L’ (u) operators.

Then L;(u) is a particular representation of the YB algebra with such
an R matrix, and is the sought-after Lax operator, whose representations
correspond to various physical systems, except that at this moment L;(u)
acts on a single spin Hilbert space h;, not on the whole Hilbert space H. To
do that, we must define the “monodromy matrix” 7T'(u)

T(u) = Li(u)...Lao(u) Ly (u) (63)

and all matrices on both sides act on the same (2d) auxiliary space, and then
T'(u) is an operator on the whole H, depending on all the 3L spin operators.
The Yang-Baxter algebra is now

Rio(u, v)TH(u)T?(v) = T?*(v) T (u) Riz(u, v) (64)



(and a similar genealization for the Ry, relation), and then T'(u) is the true
analog of the Lax operator (even though L;(u) is called that). Here as before
Ris(u,v) is a matrix in the product auxiliary space, i.e. a 4 X 4 matrix.

Then the Lax operators L;(u) act as a connection, defining parallel trans-
port (hence it is also called Lax connection), via the Lax equation

Vit = Ly, (65)

with 9; a 2d auxiliary space vector and an element of h;. This is the dis-
cretized version of the Dirac equation

(00 + Aul2))h(z) = 0= $(z + d) = (1 + A, (x)da)p(x)
= §(zz) = Peap| / A, (0)dalib (1) (66)

z1
where 1+ A,dx — L; and U = Pexp|¢$ A,(x)dx] — T and the fact that A,
(and L;) is a connection means that ¢(x) (and ;) are locally gauge invariant
solutions.
Then it is easy to show from (64) by multiplying with R~! and taking
the auxiliary space trace that the traces commute, i.e.

trT (w)trT?(v) = trT?(v)trT* (u) (67)

and one can expand T'(u) into a power series, finding in fact that it is a
polynomial in u of order L, i.e.

T(u) =) tyu" (68)

with the order L term being proportional to the identity.

Because the traces commute, the objects trt, are commuting operators,
L-1 of them nontrivial (the order L one is trivial and ¢;_; has zero trace),
and the Hamiltonian H and the discrete momentum on the lattice P belong
to this family.

Using that

a . . d a
L§(—i/2) = —iP;; %Lj (u)=1 (69)

one finds that the shift operator U = Py Pa3...Py_1 N, satisfying
UﬁlXjU == Xjfl (70)



for any set of operators X defined at sites j (like the variables X& = of
themselves), is given by

U =iltrT(—i/2) = e'F (71)

and then the momentum operator on the discrete lattice is P.

This was somewhat to be expected, since as we saw, the monodromy
T'(u) defines parallel transport around the chain on the solution to the Lax
equation (analog of the Dirac equation).

Similarly, one finds that the Hamiltonian is

. d
H = —JL = 2iJ - ntrT(~i/2) (72)
U

or compactly having Hand P together in

7(u) = —ilntrT(u) = —% + P+ (ut i/2)(% + g) +O(u+1i/2)* (73)

The momentum can be written in terms of U also as

27—, 1 un
-+ — 74
L 1(2_'_67“1“—/[/_1) ( )
Note that now the Lax equation (65), or more precisely the eigenvalue
equation derived from it,

T(u)y = t(u)e (75)
is in some sense equivalent to the Schrodinger equation (as the hamiltonian

is found among the traces of T'), thus it deserves the name of Lax equation.
Bethe ansatz equations (algebraic and connection with coordi-

nate)
We had

flv,u) o)

= . g(v,u 1

R(u,v) = ] o(v, )
| S0

no= ("7 %)

o) =1+ ——; glv,u) = — (76)



It follows then also that
T(u) = (g‘g; ggz;) .t T(u) = A(u) + D(u) (77)

and by solving the Yang-Baxter equations (64) we get the relations

Consider now the Fock vacuum

1 \*"
[ T> ®...@ | 1>1= (0 )

and act on it with 7'(u). One obtains

Il
=
vV
=
L

A)|Q >=a(u)|Q >; a(u) = (u—1i/2)"

D(u)|Q >=d(u)|Q >; d(u) = (u+i/2)"

Cu)|2>=0;  [B(u), B(v)] =0 (80)
Then the algebraic Bethe ansatz (equivalent of the coordinate Bethe

ansatz) is the “assumption” that the C'(u) are annihilation operators and the
B(u) are creation operators. Then consider the state

|t >= B(uy)...B(uy)|Q > (81)
Then we get that

trT(u)|d >= A(u)|d > +D(u )|ﬁ>

EZ Ql

=a(u) | | flu,u;)|d > +d(u Hf wj, w)|i >

1

Zaun (u, uy,) H f(upn.u;)[B(u) H B(ug)|Q >]

j#n,j=1 k#n, k=1

<.
Il

N

Z g(un,u) [T fluju)Bw) J] Blu)l2>] (82)

=1 J#n,j=1 k#n, k=1



which means that the state |@ >= B(uy)...B(ux)|Q2 > is an eigenstate of
trT(u) (and thus both of momentum and of Hamiltonian, that can be ob-
tained from it), with eigenvalue

N N
Hfuuj )+ d(u Hf Uj, u (83)
7j=1 7j=1

provided the last two lines in (82) cancel, which means that one needs to
satisfy the condition

a(ttn)g (1, n) M + f[j? —0 (84)

J#ENj= 1

and by substituting the explicit for for f(u,v),g(u,v) we get the algebraic
Bethe equations

u, —i/2\" al Up — Uj — 1
7)) = =9 ). pn=1,N 85
(un+i/2) #1;[:1 (un_uj+i) o =4 (85)

which are exactly equal to the coordinate space Bethe equations (49).
The states |t > are the highest-weight states of the spin operator S* =

Zjvl 0% /2, since
1
Sz\ﬁ>:§(L—2N)m>; Sti >=0 (86)

Solving the algebraic Bethe equations (85) for N=1, i.e. ((u—1/2)/(u
i/2))t =1 is done by
u+i/2 2mn
— = = p=—";
u—1i/2

n=1,..,L (87)

thus there are L-1 states with one spin flipped, and the p are the momenta of
a free particle with periodic boundary conditions, the same as we obtained
in the coordinate Bethe ansatz!

Since we work in a spin 1/2 chain, we obtain that the creation/ anni-
hilation operators B(u)/C(u) are fermionic, thus the Bether roots u; must
be different (otherwise the wavefunction is zero, as we saw in the coordinate
Bethe ansatz).



Moreover, since

Aw) = ) = o) T[S ) [ S0
= ([Tl =2 Tl =+ o i72) T ;=)
T(U)E—ilntTT(u):—%+ﬁ+(u+i/2)(%+§)+... (88)
one gets that
iP - uj —i/2 .
U=e :HméP:ij(modZW) (89)
j=1 7 j+1

where the p; are the momenta of the free particles just defined in (87). Then
one also finds that the energy is

N

N
E L 1 L
= _Z_ - = 9 1
57 = o Zu§+1/4 2+; (cosp; — 1) (90)

j=1

One has now a quasiparticle interpretation (magnons), quasiparticles be-
ing created by B(u), decreasing the spin S* by one unit, has momentum p;
and energy €; = 2(cosp; — 1).

The reason why w is called rapidity (and we used the derivation of the
Yang-Baxter equation where u was a rapidity-like variable) even though we
have a nonrelativistic theory is the following. We can easily prove that

dp 1

e e geot)2) (91)

compared to

d
p = msinh y; E:mcosh,u:>E:—p

d,u; = arcsinh(p/m) (92)

Here u;’s are called Bethe roots and as we see are the nonrelativistic
analogs of rapidities, in that for both E = dp/du. If the “momenta” p;
are real, the Bethe roots u must be real, however note that we don’t really



need that. All we need is to find solutions with real energies, and from the
relation (90) we see that for that it is enough to have pairs, for any root uy,
to also have its conjugate u} (or in terms of p, for any p;, also p}). Thus the
sought-for roots can span the whole complex plane.

In fact, one can prove that the solutions of the Bethe equations are such
that one always has complex conjugate pairs (without needing reality of the
energy), i.e. the complex conjugate of a solution (set) {uy} of the Bethe
equations is itself.

The Bethe root solutions in general come in sets, and each set is found
at the intersection of several curves in the complex plane. For instance, for
2 magnons, the complex roots are situated at the intersection of the circles

nmw 1
2 — cot(—))* + (21 =
(2Re(u) — cot(TP)* + (2Lm(u))* = e (93)
where n parametrizes sets of solutions, and the curve
(2Re(u))* 4 (2Im(u) +1)* ., (2Im(u) + 1) (94)

[(2Re(u))2 + (2Im(u) — 1)2] —(2Im(u) — 1)2

Generalizations

This algebraic Bethe ansatz method can be applied to other spin chains.
In particular, it can be applied to find the integrable Hamiltonian for the
Heisenberg XXX spin chain for spin s. The calculation is more involved, in
particular because the Yang-Baxter algebra (53) must be taken as a starting
point and trying to derive Lax operators L(u) and an R matrix R(u,v) from
it, and in fact we have an RY?**(u,v) and RY?>*'| R** as Lax operators (for
s=s’ a spin representation other than 1/2), and observables (integrals of mo-
tion) can be constructed from both Lax operators. One finds the Hamiltonian
among these observables and it is

H = Z Z(SS — Spy1— (Sp — Sﬁ+1)2) (95)

n=1 «

One can also find the Lax operator for the XXZ model by considering
that it deforms the space like a g-deformation, (¢ = e?) i.e.

+oo

- —q " x + nry~!
_ 4 _ L 96
vl = T2 - T (96

n=—oo



and one has the Lax operator (which can be thought of as another represen-
tation of Lax operator on the spin chain) is

LX) = [ L7 (w+ ikmy™) (97)

k=—o00

One can also in principle do a similar construction for “spin chains” cor-
responding to a representation R of a group G.

Thermodynamic limit of Bethe ansatz

Going back to the XXX spin chain, we want to take the thermodynamic
limit of N, L — oo, N/L=fixed. Then the Bethe equations (85) rewritten by
taking the log as

. N .
u; +1/2 Uy — Uy + 1 ,
Lln(———) = In(———) — 27in,; 98

where n; are arbitrary integers for each root u;, so that the set {n;} can be
understood as a quantum number for the multiparticle system {u;}, become
(assuming self-consistently that p; ~ 1/L, implying that u; ~ L)

N
1 2 1
— 42 = — 99
xi+ T Z Ty — Ty, (99)
k#isk=1

where z; = u;/L is finite.

We saw that the sought-for roots can be anywhere in the complex plane,
except that for any root u;, we must also have its complex conjugate u;, if
we are to have a real energy, this being also found from the Bethe equations.
Moreover, in the limit L — oo, if two magnons have the same real part, i.e.
Re(u,) = Re(u;), then they must have different imaginary parts (in order to
have different rapidities, as needed due to the fermionic nature of the chain, as
we saw). But then we see from the Bethe equations (85) that the Lh.s tends to
either zero or infinity, meaning the r.h.s. must have either a zero or a pole (i.e.
the 2-body S matrix S(py, p2) has a pole), thus w, = u;+i. This corresponds
to two magnons of same energy forming a bound state by splitting their
rapidities in the complex plane. In the L — oo limit then the roots with
the same real part will be separated in an array with u, = Re(u) + ik. It is
obvious from (99), by analyzing the change under u; — w;,1, that for roots



lying on an array, u, cannot change, thus n; = n¢ characterizes the array
and then the set of k’s represents the quantum numbers of the solution {uy}.

In terms of x; the separation w1 — ug becomes zy — xp 1 ~ 1/L — 0,
and this is valid even if N — oo, in which case however the arrays are not
vertical lines anymore, but can curve.

Thus in the thermodynamic limit the roots w; accumulate on smooth
contours in the complex u plane known as Bethe strings, symmetric from
the real axis, turning the algebraic Bethe equations into an integral equation.
Defining the Bethe root density

ple) = 0=y [ dupla) = (100)

where C'is the countour that supports the density, we get the singular integral
Bethe equation

2P/dy PLy) _ ! +2mnew); T € C; (101)

y—x x
where P [ stands for the principal part prescription and N are integers
assumed to be constant on each smooth component C), of the density support
C = U C, in the complex plane. The energy associated with a contour is
given by the thermodynamic limit of (90), which is

R )
E= L/Cdx > (102)

From the z — 0 limit of (101), or the v — 0 limit of the Bethe equations
(98), we get a condition for the quantization of the total momentum in the
thermodynamic limit,

- I 1 I pz)
P_;pi_;u—i_E;x—i_meH/Cde_me (103)

Note that the total momentum can in fact be 2rm/L in general, so this
statement is equivalent to cyclicity (translational invariance along the chain),
i.e. it restricts the types of chain to the ones similar to dual strings.

These equations (100,101,102,103) can be written independently for vari-
ous Bethe strings (various smooth components C,,), corresponding to various
macroscopic solutions in the thermodynamic limit of the XXX spin chain.



1.5 Symmetries and Yangian

We have seen that the Yangian can be defined as the algebra A that appears
in the Yang-Baxter algebra (53) for the XXX spin chain, however this notion
can be generalized to a chain with an arbitrary representation R of an arbi-
trary Lie algebra G. Its abstract definition is as follows. A Yangian algebra
Y (G) is an associative Hopf algebra generated by the elements J4 and Q%
with

AT = AP IS [JA,QP) = FABQC (104)

and the Serre relations

[, 1Q%, JN + Q% [Q°, M +[Q°, [@*, J7])

— ifADKfBELFCFMfKLM{JDy JEa JF} (105)
[Q*, Q71,179 Q71 + [[Q7, Q" [J4, Q"]

= (AT PP N f P

 fOGE PEM (REN £ ik AB) e, JE, Jr} (106)

for J4 taking value in the Lie algebra of an arbitrary semi-simple Lie group
G (and Lie algebra indices are lowered and raised with an invariant nonde-
generate metric tensor gap). The symbol {A, B,C} denotes symmetrized
product. The Yangian has then the basis J 2, such that Ji' = J4, J = Q4
and for n > 1 we have an n-local operator arising in the (n-1)-form com-
mutator of ’s. Note that for SU(2) the relation (105) is trivial, and for
SU(N), N > 3, (105) implies (106).

For a two dimensional model with a group G of symmetries, with Lie
algebra (defined by generators T)), given by [Ta,Ts] = f{zTc, and the
action of G' generated by a current j;‘ that is conserved, i.e. 9,5 = 0,
nonlocal charges Q4 arise if, in addition, the Lie algebra valued current
Ju= Zj;‘TA can be interpreted as a flat connection, i.e.

auju - 8Vju + [juaju] =0 (107>

Then as usual the conserved charges that generate the action of G are

+o0o
J4 = / drj® (x,t) (108)

[e.9]



But then in addition, the quantities

—+00

Q" = i / e / " i )9 (g, ) — 2 / deji (1) (109)

—00

are also conserved, and J4 and Q“ generate a Yangian algebra.

For the discrete case, of spin systems (“spin chains”), i.e. at site i the
“spins” transform in the representation R of the group G, we also have
Yangian symmetry. The total charge generator is obviously

JA=> "I (110)

For a general group G and representation R there is no satisfactory defi-
nition of @4, however for G = SU(N) we can define it for any R. In certain
representations (see below), it is just the generalization of (109) as

Q= fpe Y JPIY (111)

i<j

Indeed, for SU(N), whose Lie algebra is the space of traceless N x N
matrices, i.e. J%, with >__J%, = 0, and the generators Q* are also traceless
N x N matrices )%, the Yangian is

[T, JCa] = 0% a — 6% T
[T, Q%] = 0%Q" 4 — 0%Q% (112)
with the Serre relations (equivalent to the ones before)
[, [Q%, Q°fl] = [Q%, [V, Q%]

h2
1

p,q

([, [ty T g T 1] = [T TP, [0, T T%]]) - (113)

which form of the Yangian is more common in spin chains.

For a single spin in SU(N), one can represent the Yangian with Q4 =
Q%, = 0 for some representations (there is a criterion), for example funda-
mental and antisymmetric k-th rank tensors, for any k (but not for the adjoint
and others). Since the Yangian has a “coproduct,” i.e. amap A : 4 — A®A



for an algebra A that is, a homomorphism of algebras (and obeys some more
axioms), explicitly

AJY=T'@1+1J4
AQYH=Q'®1+1® Q"+ fi.J” ® J° (114)

we can extend the representation on a single spin to representation on a
spin chain through repeated application of A. Then when Q4 = 0 is a
representation of the Yangian on a single spin Hilbert space (for the above
representations of SU(N)), (111) is a representation of @ for the spin chain.
Moreover, for ANY representation of SU(NN), we can still represent the Q%’s
on a single spin by .

Q= 570 (115)
and using the coproduct A one can in principle find the representation for
the whole chain, but in general it is difficult.

This whole discussion goes through if we replace SU(N) by U(N) or even
the supergroups U(N|M) and SU(N|M) if N # M, but for N = M it is
slightly different.

On a spin chain, operators that are a sum of operators that are local on
the chain, and commute with the whole Yangian, are called Hamiltonians of
the integrable spin chain. In fact, as we saw, there are exactly L-1 charges Q)
that commute with the Hamiltonian and among themselves, i.e. [Q, @;] = 0,
and these are coefficients of the series expansion around u = 0 of tr7T'(u).
Then Q) will in fact involve up to k neighbouring interactions. Moreover,
these conserved quantities (integrals of motion) are related to the generators
of the Yangian algebra, in that the J# arise from the coefficients in the
expansion around u = oo of T'(u) (without trace!)

More precisely, at least for SU(N), the monodromy matrix 7'(u), satis-
fying the Yang-Baxter algebra

Ru—0)(T(w) ®1) (A1 ®T(v)) = 1@ T@)(T(u) © 1)R(u—v)  (116)

admits an expansion around u = oo,

T(u)=1+hY u 1" (117)

n=0



Here all objects are SU(N) matrices, thus for instance T'(u) = T4 (u) =
T%(u) and we have

= Jg' =t
h
Q = \-71 = jlab = t(l)ab — it(o)adt(o)db (118)

and since as we saw the whole Yangian is defined by P4 and Q4 that is
enough. (Note that this means that the ¢ are non-local objects.) The
analog of this statement is that now all the expansion in 1/u can be recon-
structed from the knowledge of t(%, and tM?,. The fact that the Yangian is
obtained from the series expansion of 7'(u) is what we meant at the begining
of this section when we said that the Yangian algebra is the algebra A in the
definition of the Yang-Baxter algebra for the XXX spin chain.
One the other hand as we saw

trT (u Z fmyn (119)

and then f are conserved local quantities (integrals of motion).
In the continuum version of the XXX SU(2) Hamiltonian,

L
H= _i/ datr(0,50,5); S(x) = S'(x)os, S'(x)S'(z) = s> = fixed
0

(120)
the monodromy matrix 7T'(x, u) is
T(x,u)=P e:z:p[—/ A (y, u)dy] (121)
0
where the Lax connection A, is
1 2is? 1
Ap = _5(x); A= ——55() + %[5@),@5(@] (122)

One can indeed check that if S'(x)S(z) = s> H discretizes as
/dxamsi&vsi = —/dl‘SiaiSi

_>ZSZ St + Sk 1—23;):—2L32+QZSZS;+1 (123)



that is, to the spin 1/2 XXX Hamiltonian.
The Lax equation is now the Dirac equation

(0 + A =0 (124)

and finding the Bethe roots {u;} that diagonalize trT'(u) is now equivalent to
finding quasiperiodic solutions {u,1,(z)} to the Lax equation (Dirac equa-
tion), i.e. solutions that diagonalize its monodromy. The “roots” u of the
solutions lie on curves= “Bethe strings”.

Then the expansion of ¢rT(u) gives the integrals of motion by

o0

L
trT(u) = 2cos Py(u); Po(u) = =y u"l, (125)
u

n=0

and [, are integrals of motion, for instance I is the momentum and I; is the
energy.
Then the Yangian is generated by charges Q¢ , with

Qu)=> u"'Q;, (126)
n=0

and then the monodromy matrix is

T(u) = %W(u)l — %W‘l(u)QiUi; W(u) = \/2 +\/4—@Q2(u)  (127)

but on the other hand

Q?(u) = 4sin?(2Py(u)) (128)

and thus its expansion around u = 0 generates the integrals of motion.

1.6 Thermodynamic Bethe ansatz (TBA)

The thermodynamic Bethe ansatz is a method for deriving the thermody-
namics of massive relativistic integrable 1+1d theories in the large volume
limit from their factorizable S matrices. One starts by writing down Bethe
ansatz equations, and then one takes a thermodynamic limit, defining densi-
ties of states, and writing an integral equation, like it was done in (99)-(101).
The most important difference from the usual Bethe ansatz is that one deals



with real particles, which have real rapidities, as opposed to the usual Bethe
ansatz, where as we saw in (42) the “rapidities” w;; = u; — uy of the poles
of the two-body S matrix are imaginary (u; = i), corresponding to bound
states, and we found that for real energies we only need to have the Bethe
roots come in complex conjugate pairs. Also, the theories to which we apply
TBA are relativistic. TBA was developped into the present tool by AlB.
Zamolodchikov in 1989, based on a famous paper of Yang and Yang from
1969.
In this subsection we will denote actual rapidities by @, i.e.

E =mcoshf, p=msinh6 (129)

A purely elastic scattering theory, i.e. a 14+1d QFT with S-matrix that
is factorizable and diagonal (thus automatically satisfies the Yang-Baxter
equation), can still have a complicated bound state structure. The S matrix

is defined as usual (0, = |0, — 0,))
|a(04),b(0)b >in= Sap(Oup)|a(0a), b(O) > out (130)

The requirements of real analiticity, unitarity, crossing symmetry, mero-
morphicity in 6 and polynomial boundedness in momenta implies that the S
matrix looks like

sinh((0 + ira)/2)

Sw) = 11 fa0): fulf) = gy /) (131)

where the sets Ay, of a’s depend on the theory. For minimal theories (i.e.
which are massive perturbations of nontrivial CFTs), a simple pole of S,;(6)
at 0, = 1S, (imaginary relative rapidity) indicates a bound state ¢ of a and

b with mass
2

m? = m?2 4+ m} + 2mymy cosu’, (132)

and similarly for any order pole (but for nonminimal theories the poles cannot
be interpreted as bound state poles, says [5]).

If we have an elastic minimal theory scattering theory, defined on a circle
of length L (we will take L — 00), with N particles, N, of species a, at posi-
tions z1, ..., zy, then asymptotically the wave function is (when the particles
are well separated)

U(@1,..aN) = 63519(1'2171%) > AQ)O(xq) (133)

QESN



where () are permutations, O(zg) = 1 only if x < @1 < ...zg, and zero
otherwise and if Q and Q’ differ just by permuting i and j we have

A(Q') = Si(0: — 0;)A(Q) (134)

In terms of the phase shifts d;;(8; —6;) = —i1n S;;(6; —6;), this expression
is essentially the one Bethe took in (47). That was for the case of “scattering”
in the nonrelativistic spin chain, but now we have a more general relativistic
14-1d massive theory.

Again imposing periodicity conditions on the asymptotic wavefunction as
Bethe did, we get the exact analog of the Bethe equations (49), namely

pilmisinho; H Si;(6; — 6;) = (=1)F (135)

J#G]

(p = msinh @), where the (—1)% factors arise for fermions, where we put
antiperiodic conditions. Taking the log of this equation gives the Bethe
ansatz equation in this case, namely

JFLJ

where {n;} can be taken to be the quantum number of the state of the multi-
particle system, and n; is integer for bosons and half integer for fermions.
From these equations we can calculate the momenta (given by 6;) of a multi-
particle state in the box L. The dynamics of the theory is encoded in the phase
shifts 0;;(#), that one can in principle calculate, given the theory. Note that
unlike the case of the usual Bethe ansatz, where as we saw, for real energy
all we needed was complex conjugate pairs of “rapidities” (Bethe roots) w;,
here all rapidities are necessarily real, as we are interested in real particles!

Unlike the case of the Heisenberg XXX chain, the Bethe ansatz is not
necessarily justified (Bethe proved that it solves the XXX Hamiltonian and
the energy is just the sum of free energies, thus the theory is in some sense
free). For a general theory, at finite L, the equation (136) is only approximate,
since the asymptotic wavefunction will be correct only up to 1/L corrections
(for Bethe it was exact). However, at L — oo, the Bethe equations become
exact!

So the thermodynamic limit of the above case, with N particles living in
a box of length L, with L, N, — oo, N,/L finite will be exact and one has



to take a continuum limit of (136). The rapidity density p(™(6) is defined
analogously to (100), i.e. the number of particles of species a with rapidities
in an interval A6, divided by LA#.

Defining

Jo(0) = msinh 6 + 27 Z(éab  p)(0)
b=1

+o0 /
memz/‘fﬁﬂQQUW) (137)

the Bethe equations (136) become just J,(0) = 27n,;/L, giving the solutions
(Bethe roots) 8 = 0,,;. The function J,(#) is monotonically increasing. The
Bethe roots (solutions) that are actually occupied (occur in the system) have
density p( )(0), and those that are skipped (the corresponding integers n,;
do not occur) are called holes, and have a density pi”(6). Then the Bethe
equations .J,(0) = 2mn,;/L imply that the total density of roots and holes is

pa0) = P (0) + pV(0) = =5 Ja(0)

L snl®)  (138)

= St coshl+ Y (6ur )60 dur(6) = -

b=1
Thermodynamics
Now we are ready to define the thermodynamics of the theory. Define,
in analogy with the familiar relation for the fraction of occupied states of
species a,

(r)
pa (0) 1
pa(0)  eBal®)=na)/T 4 1 (139)
the quantity €,(60) by
(r) 9 1
et (140)

pa(0)  eca 41

such that E,(0) = Te,(0)+ 11, is the “dressed” one-particle excitation energy.

The entropy per unit length has the standard statistical mechanics ex-
pression

s(p, p") = Zsa (Pas ) = Z/ do

a=1

[pal o — p 0Pl = (po = p) (pa = pi7)] (141)



and the energy per unit length is

n 400
h(p™) = Z/ d0p™ (8)m, cosh 6 (142)
a=1Y >

The equilibrium thermodynamics is then found by minimizing the free
energy per unit length,

f(p) = h(p™) = Ts(p, p) (143)

subject to fixed particle densities

N, +oo
== [ ao0) (144)

—00

D,

which are introduced with Lagrange multipliers= chemical potentials p,, as
usual. The extremization of f(p) leads to the TBA equations

n

€a(0) = —f1g7 + 17 cosh O — Z(gbab x Lp)(0); a=1,n (145)

b=1
where i, = pa/mi,m, = mg/my and my is the smallest mass, and r =
Rmy, R=1/T, thus fi,r = pa/T,m.r = my/T. Also,

L,(0) = In(1 + exp(—e,(0))) (146)

Thus, the TBA equations (145) are equations for the €,(0) ’s (actually,
€a(0,T, 1)), which then from their definition (140) together with the Bethe
particle density equations (derived from the Bethe equations) (138), give

all the densities p,(0), ,oﬁf)(e). Then any thermodynamic quantity can be
deduced, for instance from the pressure

T <~ [T
P(T,p) = gy Z/ dOL.(0,m/T, u)m, coshé (147)
a=1Y ">

(or the free energy f = —P + > p,D.(T, 1)) by dP = sdT + ), Dodp,.



1.7 N=4 SYM as an example

For V' = 4 SYM consider two complex scalars Z = ¢' +i¢? and W = ¢ +i¢p?
and define the operator with .J; Z-fields and J, W-fields

Ol = Tr[z W] + .. (148)

where the ... are permutations. At tree leven it has the scaling dimension
Agl’b =Ji+ J.

Because of mixing, at higher levels one needs to be more careful. One
defines the dilatation operator D defined at a point x, whose eigenvalues
are the scaling dimensions A, by

DO (x Z DopO) " (x); D= D" (149)

constructed as to attach relevant diagrams to the open legs of the “incoming”
trace operators, and in perturbation theory, when the n-th term is of order
g, we have (i.e. one can calculate)

. . . d
DO = Tr(ZZ +WW);, DY = %Yﬂg Tr(Z,W|[ZW]; Ziy = (150)
T
The planar sector of the gauge theory corresponds to the free AdSs x S
string (no order g, string interactions). In this planar case we have

A& A
planar_g—g - ”+1 :@ XXXq/2 (151)

thus is nothing but the Heisenberg XXX spin chain hamiltonian.
Heisenberg spin chain results
The “one-magnon” excitation has vanishing energy due to the cyclicity
of the trace, and the first stringy excitation is the “two-magnon” excitation.
The cyclicity of the trace is instated in the Heisenberg spin chain by requiring
a vanishing total momentum

N
=> p;=0 (152)
j=1

corresponding to vanishing momentum on the dual closed string in AdSs x Ss.



The anomalous dimension of the operators to first order planar case is

A 1
A-L=pW _ —_
Y= planar 87T2 : U? + 1/4
J

(153)
When the number M of magnons is much smaller than L, and the mode

number (dual string momentum) is not large (i.e. n < L) the spectrum

(dual to the free string in AdSs x S5) is given by the creation operators

™~

(154)

corresponding to the BMN operators in SYM and its anomalous dimension
(energy of magnons) is the first order expansion in A/L? of the BMN formula

E=5%, (V1+ niA/L?—1), i.e. (from py = 2mny/(L—1) — uy, ~ L/(27ny))

)\ M
V=57 Z ny (155)
=1

However, when M ~ L, even though the interaction between magnons
cannot be neglected anymore, we saw that the Heisenberg XXX model has
still a Fock spectrum, solved by the Bethe ansatz.

The 2-magnon state (M=2), with po = —py, thus us = —uy, in the case
that the mode number n is large has energy given by the usual Bethe ansatz
energy (solving the Bethe ansatz equations by p; = 2mn/(L — 1))

A, T

1=

(156)

that reduces to the BMN formula for small n. The eigenfunctions corre-
sponding to it can also be found from (46), giving (here L = J + 2)

J
20+1
— T
lEZO cos(ﬂnJ n 1)

valid for any n, that reduces to the BMN operator

r[(WZ'W Z771 (157)

2mn

0s —Tr WZ'w z771 (158)

Mh



for small n and J — oo.

Various macroscopic strings in AdSs x Ss correspond to various Bethe
strings in the XXX spin chain, i.e. to the thermodynamic limit N/L=fixed
as N, L — oo of the system, with a certain distribution of Bethe roots (Bethe
string) for a dual macroscopic string.

We saw that in order to have real energies we needed Bethe strings that
are symmetric from the real axis (pairs of complex conjugate roots, (u;, u})).
Also, —p; corresponds to —u;, so if we have zero total momentum in the
simplest way, namely by having matching pairs of (+p;, —p;), that would
correspond to matching pairs of (u;, —u;). However, this happens only in
particular cases, like for a folded string. In general, the zero momentum
condition becomes in the thermodynamic limit just

2M/Cdup(u) cot 1 (2u) =0 (159)

One also finds that in the case of a circular string the roots condense on
the imaginary axis.

String theory dual: AdSs x Ss

The strings in AdS5 x S5 corresponding to large operators with 2 R-
charges (for Z and W) live in the middle of AdSs and move in an S* € S°.
The worldsheet is then parametrized by X° and X?, i=1,4 with X‘X* = 1,
defining an SU(2) element (Z = X! +iX? W = X3 4+ iX*)

9= (_ZV—V vg) (160)

and the string action in the conformal gauge is

27 1
S = —Q/ da/dT[—Trjg + (0,X°)] (161)
dr Jo 2
where i
. -1 Aja
= = g~ 162
Ja=9 Oug=0 5 (162)
and
{X° = kritrjs = —2k%} (163)

solves the X equations of motion and Virasoro constraints.
This action in the presence of the (163) is very similar to the continuum
Heisenberg action (120), so we expect to find similar Bethe equations.



The equations of motion of S, together with the j, definition, give
O1j-+0-j4+ =0;  04j- —0-_jy + [+, j-] =0 (164)

which can be written together as the flat connection condition (valid at any

x)

J+
_—0_ _| =0; = 1
Ord_—0_Jy +[Jy,J]=0; Jy T+ (165)

These flat connections J4 are the analogs of the Lax connections A, for
the 1+1d heisenberg action, thus its monodromy

Qz) = Pexp[—/o 7rdaJU] = Pexp[/o 7Tdoé(xjj 7t xj__ 1)] (166)

gives both the Yangian charges and the integrals of motion through its ex-
pansions at x = oo and x = 0.
Specifically, the (z) expansion at © = oo generates the Yangian charges,
and the expansion of
trQ)(z) = 2 cosp(x) (167)

at © = +1 gives the local conserved charges =integrals of motion (tr{2(x) is
time independent on shell). The equivalent of the Lax equation is the Dirac
equation

(T .

D=0, — 5 (-2 + )y =0 (168)
and finding its quasiperiodic solutions {x,,} is equivalent to solving the
system (to the Heisenberg picture equations of motion). Indeed, by defi-
nition (o + 2m;x) = Q(z)Y(z) for a solution to the Dirac equation, and
finding {x,1,} corresponds to diagonalization, such that (o + 2m;x) =
@) (o x).

The expansion of p(z) around z = 0 and x = oo is governed by the
integral charges @1, Qg under SU(2)., SU(2)g of the sigma model, together
with an integral charge m, specifically

21QRr 1 2 (L —2M) 1
) = — - +..=—"—4 . (x— 0
p(x) 7 Az ( )
9 2n L
p(x) = 2mm + WQLx + ... =2mm + Lx + .y (. —0)  (169)

VA VA



where we identified QQ;, = L, Qg = L — 2M in order to match with the SYM
operators under consideration. We also need to identify the generator of scale
transformations on the boundary with the generator of time translations, i.e.

2T
A =V\2r / dod, Xo = V Ak (170)
0

The quasi-momentum p(z) also has poles at x = £1,

7k
r+1

p(z) = +...(z — F1) (171)

and subtracting them we get a function

172
rx+1 * z—1 (172)
which has only branch cut singularities, thus is determined completely by its
discontinuities G(z + i0) — G(x — i0) = 2mip(x), and so admits a dispersion
representation

G(z) = /Cdy;(_y)y (173)

One then obtains the Bethe-like equations

2k 2k
2P/dy Py S L. +2mng, el (174)
r—y x—1 x+1

and from the expansion of p(z) at 0 and oo together with the definition of

p(x) one gets the normalization conditions

/dazp(:ﬁ) = 2—\/7;(A +2M — L)

[ a2~ 2

/dx% _ %(A iy (175)

Matching with SYM



Rescaling  — 4w Lx/v/A one gets

A
2P/dyp(y) = x/\ — 42wy, xeC
T—y - gapl
M A-1L
d T, =2~
/ zp(z) = — + —7
/dxp(x> =2mm
x
A p(x) A
der =A— L= —-HW 1
87T2L/ T 872 (176)

We observe then that these equations reduce in the limit \/L? — 0
to the thermodynamic Bethe equations for the Heisenberg spin 1/2 chain
(100,101,102, 103), which as we found is indeed the 1-loop Hamiltonian.

In the Heisenberg spin chain, the “resolvent” G(z) is

G(x)z%z : Z/CdyM (177)

— T — T —y
7

and its Taylor expansion at z = 0 generates the set of conserved charges
(integrals of motion). Indeed, from the explicit form of the (log of the) Lax
monodromy InA(u) = IntrT(u) = >, 1/(u — u;) + ... one expects that on
general grounds, as well as from the fact that in the dual string theory it is
also derived from the Lax monodromy Q(z).

One can also check explicitly that individual Bethe strings, corresponding
to individual macroscopic strings in AdSs x S5, match. Specifically, one finds
the Bethe curve, calculates the resolvent G(x), then the density p(x) and
finally derives the energy, and matches it against the one of the strings. The
results agree, for folded strings, circular strings.

Higher loops and BDS conjecture

At higher loops, one finds the dilatation operators

L
D2—100p = E —0; - 0j42 +40'j * 041 — 3-1
Jj=1
L
D3 top = Y =05 - Fjys + (5} - Fj42) (Fj11 - Fjps)
7j=1

—

—(O'j . 5j+3)(5j+1 . 0_:j+2) + 105’} . 5j+2 — 295’} . 5j+1 +20-1 (178)



and in general, the k-loop contribution involves £+ 1 neighbouring spins, i.e.
the full dilatation operator will correspond to a long-range interacting spin
chain Hamiltonian.

This Hamiltonian is integrable (note the quartic spin interaction at 3
loops, expected (& - @)* at [k/2]-loop level, needed for integrability) and
admits BMN scaling.

In fact, the BMN limit and integrability uniquely fixes the Hamiltonian
up to 5-loops. Initially, it was thought that the 3-loop Hamiltonian should
be derived from an ellyptic Inozemtsev chain, which it was thought to be the
most general integrable model (analog to the case of the ellyptic Calogero-
Moser multi-particle system), but the proof relied on the fact that the lowest
charge only contains two-spin interactions, which is not valid here. Then
there was a dissagreement at 3 loops, since one violated BMN scaling in
the Inozemtsev Hamiltonian in the BMN limit. Later, Beisert, Dippel and
Staudacher [10] proved that in fact there is an all-loop integrable Hamilto-
nian, defined through its Bethe equations, that reproduces the unique BMN
scaling 5-loop integrable Hamiltonian.

The general form of the Bethe equations is

otk _ H (b H S(pr,pj) (179)

JF#k,j= 1 Jj#k,j=1

and the conserved charges are given as sum of single-particle contributions,
ie.

=> ) H=Qs (180)

For the XXX spin chain we have

o) = geotls g = 2

s —vp)s () s

The BDS proposal is then (supposed to be valid at all orders in g =



A/(872) and all orders in J = L — 2)

~/1+8g sin?
_ _ . 9P . 2
h(p)—qQ(p)—?(\/HSg?Sm ;-1 D=yg ;hpk
r—1
28111 (r—1)p \/1+89 sin®
(182)

7’—1 2¢? smg

q-(p) =

thus the “local” part of the transfer matrix is
x) = expli Z 7 Q,] (183)
r>1

In terms of rapidity (the inverse relations), one has

p_ B0 b 1

Note that g = 0 is indeed the usual case (XXX spin chain). The Bethe
equations become

(¢+Z/2 ¢k_¢]+l
w6~ i/ H 6, )
and the charges are
i 1 1
4-(¢) = r— 1<:c(<;5 +i/2) 1 (g — i/2)7‘—1> (186)

As these Bethe ansatze were not derived, one needs to check that they
give correct results (diagonalize the Hamiltonian in a correct way), and they
do. The coordinate space wavefunctions look more complicated, involving
not just the modified S matrices, but also non-plane wave wavefunctions.

3-loop disagreement and outside SU(2)

This Bethe ansatz generates an expression for the 2 particle (2 magnon)
all loop anomalous dimension valid up to 1/.J? (similarly to what was done
for the 1-loop XXX case), and it is

4\N'n? 2\'n?
D(JnN)=J+2V1+ Nn2— O(1/J%) (187




This comes from the formula for p;, (valid to O(1/J) and all orders in ),
coming from the Bethe ansatz,

2t 2mn 2V 1+ \Vn?2 —1
J J? V14 NMn?

Unfortunately, this does not match the near-plane wave limit computation
on the string side

+0O(1/J%) (188)

p=

2\'n?

D(J,n, X) = J+2v/1+ XNn? — Jn +O(1)?) (189)

at 3 loops for the 1/J term (the 2-loop term agrees).

The same disagreement is found if one studies the Bethe equations for the
all-loop spin chain in the thermodynamic limit and tries to match with the
spinning folded and circular string solutions in AdS (and their corresponding
Bethe equations).

One possible explanation lies in the fact that the order of limits on the
two sides differs: String theory works with A — oo with J2/\ fixed, whereas
gauge theory works with A < 1, takes J — oo afterwards, keeping terms
scaling as \/J?, and the two limits need not commute.

The 1-loop scalar Hamiltonian when not restricting to the SU(2) sector,
but consider all the 6 scalars, gives rise to an integrable SO(6) magnetic
spin chain, with SU(2) as a subsector, and this was generalized to all local
operators, giving the super-integrable spin chain SU(2,2[4). When we leave
the SU(2) sector at higher loop orders however, the spin chain length starts
fluctuating, since for instance two fermions have the same classical dimension
as 3 scalars.
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